The methods to generate a probability function from a probability density function has long been used in recent years. In general, the discretization process produces probability functions that could be alternatives to traditional distributions used in the analysis of count data as geometric, Poisson and negative binomial distributions. The discretization also avoids the use of a continuous distribution in the analysis of strictly discrete data. In this paper, using the method based on an infinite series, proposed by , we studied an alternative discrete Lindley distribution to those studies in Bakouch et al. (2014) . For both distributions, a simulation study is carried out to examine the bias and mean squared error for the maximum likelihood estimators of the parameters as well the coverage probability and the length of coverage probability. For the discrete Lindley distribution obtained by infinite series method, we present the analytical expression for bias reduction of the maximum likelihood estimator. Some examples using real data from the literature show the potential of these distributions. Despite the discretization methods are quite different, the resulting distributions are interchangeable, however the distribution generated by an infinite series has simple mathematical expressions and can be used directly to count data in the presence of covariates. 540 likelihood estimators of the parameters as well the coverage probability and the length of coverage probability. For the discrete Lindley distribution obtained by infinite series method, we present the analytical expression for bias reduction of the maximum likelihood estimator. Some examples using real data from the literature show the potential of these distributions. Despite the discretization methods are quite different, the resulting distributions are interchangeable, however the distribution generated by an infinite series has simple mathematical expressions and can be used directly to count data in the presence of covariates.
Introduction
In recent years, the generation of a discrete observation from a continuous random variable has been considered by several authors (see, for example, Chakraborty (2015) ). Basically, the main purpose to discretize a continuous probability density function is to generate a distribution for the analysis of strictly discrete data. For example, in survival data analysis it is common to use continuous distributions for discrete data, so the discretization acts with a subterfuge to avoid this process. A lot of applications considering continuous distributions in the analysis of discrete data are presented in many lifetime books as for example: ; Collett (2003) ; Lee and Wang (2003) ; Lawless (2003) ; Kalbfleisch and Prentice (2002) ; Meeker and Escobar (1998) ; Klein and Moeschberger (1997) and
In recent years, the generation of a discrete observation from a continuous random variable has been considered by several authors (see, for example, Chakraborty (2015) ). Basically, the main purpose to discretize a continuous probability density function is to generate a distribution for the analysis of strictly discrete data. For example, in survival data analysis it is common to use continuous distributions for discrete data, so the discretization acts with a subterfuge to avoid this process. A lot of applications considering continuous distributions in the analysis of discrete data are presented in many lifetime books as for example: ; Collett (2003) ; Lee and Wang (2003) ; Lawless (2003) ; Kalbfleisch and Prentice (2002) ; Meeker and Escobar (1998) ; Klein and Moeschberger (1997) and others.
One of the first discretized distributions introduced in the literature was the Weibull distribution. From the Weibull distribution with probability density function:
and survival function:
(2) Nakagawa and Osaki (1975) proposed the discrete Weibull distribution whose probability function can be written as:
where x ∈ N and µ,β > 0 are, respectively, the scale and shape parameters. It is easy to verify that (3) is, in fact, a probability function.
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Recently Nekoukhou et al. (2012) , using the method based on an infinite series, have introduced the Generalized Exponential distribution whose probability function is written as:
where x ∈ N, ( α−1 j ) = 1 j! (α − 1) · · · (α − j), 0 < λ < 1 and α > 0. In this paper, also considering the method based on an infinite series, we introduce an alternative discrete Lindley distribution and a comparison of this model with the version presented in and Bakouch et al. (2014) . In Section 2, two discretization methods are presented and expressions resulting from its application in Lindley distribution are displayed in Section 3. In section 4, the biases and mean squared error of the maximum likelihood estimates are studied. Some applications are presented in Section 5 and in Section 6 we present some concluding remarks.
Discretization methods

Discretization by survival function
Proposed by Nakagawa and Osaki (1975) , this method discretize a continuous random variable from its survival function. Some properties for a discrete analogue to continuous distributions obtained by this method were studied by Kemp (2004) , Bracquemond and Gaudoin (2003) , , Chakraborty (2015) , among others.
Following Kemp (2004) , we can define an discrete analogue to continuous random variable as follows:
Definition 1: Let X a continuous random variable. If X has survival function S X (x), then the discrete random variable Y = X , where X indicates the smallest integer part or equal to X, has PMF (probability mass function) written as:
Ciência e Natura 2
In this paper, also considering the method based on an infinite series, we introduce an alternative discrete Lindley distribution and a comparison of this model with the version presented in Gómez-Déniz and Calderín-Ojeda (2011) and Bakouch et al. (2014) . In Section 2, two discretization methods are presented and expressions resulting from its application in Lindley distribution are displayed in Section 3. In section 4, the biases and mean squared error of the maximum likelihood estimates are studied. Some applications are presented in Section 5 and in Section 6 we present some concluding remarks.
Discretization methods
Discretization by survival function
It is easily verified that (5) is, in fact, a probability function for x ∈ N. If the survival function of X has compact form, then the PMF (5) will have compact form. 541 Oliveira et al.: A comparative study betwen two... Following Kemp (2004) , we can define an discrete analogue to continuous random variable as follows:
Introduction 2 Discretization methods
It is easily verified that (5) is, in fact, a probability function for x ∈ N. If the survival function of X has compact form, then the PMF (5) will have compact form.
Some distributions discretized by this method introduced in the literature are: Inverse Rayleigh distribution (Hussain and Ahmad, 2014) , Lindley distribution Bakouch et al., 2014) , Type II generalized Exponential distribution , Gamma distribution (Chakraborty and Chakravarty, 2012) , Inverse Weibull distribution (Aghababaei Jazi et al., 2010) , Burr XII and Pareto distributions (Krishna and Pundir, 2009) , Rayleigh distribution , geometric Weibull distribution (Bracquemond and Gaudoin, 2003) , among others.
Discretization by an infinite series
The first traces of this method were presented in in a modeling study of population frequency of species. Later, other authors such as Kulasekera and Tonkyn (1992) , , Kemp (1997) , studied this method and showed a version of it when the support of continuous random variable is defined in (−∞, ∞) or (0, ∞). Definition 2: Let X be a continuous random variable. If X has pdf f (x) with support −∞ < x < ∞, then the discrete random variable corresponding Y has PMF as follows:
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In the case where the support of X is (0, ∞), according to , the PMF of Y is:
Some distributions discretized by this method introduced in the literature are: Pearson III distribution , Dirichlet's series distribution , Gaussian distribution (Kemp, 1997) , Gamma and exponential distributions , Log-Gaussian distribution (Bi et al., 2001) , Laplace distribution (Inusah and J. , Skew-Laplace distribution , Half-Gaussian distribution (Kemp, 2008) , Beta-exponential distribution (Nekoukhou et al., 2012) , among others.
3 The discrete Lindley distribution
Discretization by survival function
Let X be a continuous random variable with Lindley distribution. Using the survival function of X, Gómez-Déniz and Calderín-Ojeda (2011) and Bakouch et al. (2014) presented the discrete Lindley distribution with PMF written in the form:
where x ∈ N and β > 0.
The behavior of (8) for some values of β is showed in Figure 1 . Note that the PMF is unimodal and when β > 1, the mode is centered at the value zero (Bakouch et al. (2014) ).
From (8) we have:
and:
Analyzing the ratio between E(X) and V(X) we can see that E(X) < V(X) for all β > 0. So this discrete version 3
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Discretization by survival function
Analyzing the ratio between E(X) and V(X) we can see that E(X) < V(X) for all β > 0. So this discrete version should only be used in data analysis with overdispersion. For more details, see Bakouch et al. (2014) . From (8) we have:
Analyzing the ratio between E(X) and V(X) we can see that E(X) < V(X) for all β > 0. So this discrete version should only be used in data analysis with overdispersion. For more details, see Bakouch et al. (2014) .
Estimation
Let x 1 , . . . , x n be a random sample from a distribution with PMF (8); the log-likelihood function of the discrete Lindley distribution is given by:
The maximum likelihood estimator β of β is obtained by solving numerically, for β, the equation
Note that this expression is non-linear in β and it must be solved numerically. However β ≈ −0. Bakouch et al., 2014) .
The confidence intervals for β as well hypothesis tests of interest can be constructed from the asymptotic normality of the maximum likelihood estimates considering large sample sizes. Ciência e Natura 4 
Discretization by infinite series
By the discretization method presented in Section 2.2 the discrete Lindley has PMF written in the form: 
By the discretization method presented in Section 2.2 the discrete Lindley has PMF written in the form:
According to the equation (13), it is observed that the PMF is unimodal with mode given as follows:
In fact, note that:
The right side of the above inequality is the same as P(X = x − 1)P(X = x + 1). So, the equation (13) satisfies the log-concavity inequality P 2 (X = x) ≥ P(X = x − 1)P(X = x + 1) for x = 1, 2, . . . and, therefore, by Theorem 3 from 5
Autores: A comparative study Keilson and Gerber (1971), is unimodal. In Figure 2 it is illustrated the behavior of (13) for some values of β. For a random variable X with PMF (13) the corresponding probability generating function and the moment Keilson and Gerber (1971) , is unimodal. In Figure 2 it is illustrated the behavior of (13) for some values of β. For a random variable X with PMF (13) the corresponding probability generating function and the moment generating function can be expressed, respectively as:
Different from the discretized version obtained by survival function, the version proposed here has simple expressions for the mean and variance:
For all β > 0 it is easily to see that E(X) < V(X). In this way, this distribution can be used in the count data analysis with overdispersion. The dispersion index is written as e β e β − 1 .
Estimation
Let x 1 , . . . , x n be a random sample from (13); the log-likelihood function is given by:
The maximum likelihood estimator of β is obtained by solving d dβ l(β | x) = 0 in β. That is:
The second derivative of the log-likelihood function is given by:
therefore:
Solving (18) locally in β we have:
Theorem 1: The estimator β of β is positively biased, that is,
and
for t > 0. Since
is strictly convex. Thus, by Jensen's inequality, we have E g(X) > g(E(X)). Finally, since:
we obtain E( β) > β. Therefore, the estimator β of β is positively biased. Cox and Snell (1968) provided a framework for estimating the bias, to O(n −1 ) for the maximum likelihood estimators
we obtain E( β) > β. Therefore, the estimator β of β is positively biased. Cox and Snell (1968) provided a framework for estimating the bias, to O(n −1 ) for the maximum likelihood estimators of the parameters of regular densities. Then, subtracting the estimated bias from the original maximum likelihood estimator produces a bias-corrected estimator that is unbiased to O(n −2 ). This type of bias adjustment can be applied successfully in the discrete Lindley distribution given in (13) . Following Cox and Snell (1968) we have:
In this way, the bias-corrected maximum likelihood estimator β CMLE can be written as:
Re-parameterizing (13) 
The bias-corrected maximum likelihood estimator for θ is given by θ − 1+ θ n . It is important to point out that in terms of θ we have
such that E (X) = θ and V(X) = θ + θ 2 2 . 7
Simulation study
In this section we estimated, by Monte Carlo simulation, the biases, the mean squared errors, the coverage probabilities and the coverage lengths for the maximum likelihood estimator, β, for discrete Lindley distributions obtained by survival function and infinity series. For computational stability, we assumed the values β = 0.2, 0.5, 0.8, 1.0, 1.2 and sample sizes n = 10, 20, . . . , 90, 100. For each scenario, we calculated:
where I{·} denotes the indicator function and the number of simulations, N = 10.000. The simulation study are performed using R version 3.3.0 (R Core Team, 2015).
In Table 1 , it is presented the simulation results for discrete Lindley distribution obtained by survival function. In Tables 2 and 3, are presented the simulation results for maximum likelihood estimator and bias-corrected maximum likelihood estimator for the discrete Lindley distribution obtained by infinite series.
In every scenario, for both discretizations, we have that the bias of β is positive and tends to zero when the sample size increases. It is also observed that the mean square error of β tends to zero in every scenario. Related to the coverage probabilities, we have CP β (n) ranging from 0.94 to 0.96 and the coverage length tends to zero when the sample size increases. performed using R version 3.3.0 (R Core Team, 2015).
In every scenario, for both discretizations, we have that the bias of β is positive and tends to zero when the sample size increases. It is also observed that the mean square error of β tends to zero in every scenario. Related to the coverage probabilities, we have CP β (n) ranging from 0.94 to 0.96 and the coverage length tends to zero when the sample size increases. Consider a dataset related to the number of times that a computer break-down in each of 128 consecutive weeks of operation (Chakraborty and Chakravarty, 2012) . The mean and variance are given respectively by, x = 4.023 times and s 2 = 14.464 times 2 , which evidences overdispersion. The fit of a discrete Lindley distribution obtained by infinite series (DLIS) was compared to the fit of another discrete Lindley distribution obtained by survival function (Bakouch et al., 2014) , a discrete Rayleigh (DR), x+1) , and a Poisson (P),
The parameters were estimated by maximum likelihood method (MLE) and to compare the fits we considered the values of −logL, AIC, BIC and the χ 2 goodness-of-fit (see, Table 5 ). We conclude that, between DLIS and DLS, the results are almost the same. But, in terms of equations and computational stability, the DLIS distribution has a better fit when compared to the others distributions considered in this application. 
Application 2 (with covariates)
In this application, we considered a dataset introduced by Long (1990) related to the number of publications produced by Ph.D. biochemists to illustrate the application of a discrete Lindley distributions (DLIS and DLS) in presence of covariates. Its fit is compared to the negative binomial distribution. This dataset have also been analyzed by Long et al. (2001) and is available from the Stata website http://www. stata-press.com/data/lf2/couart2.dta. The mean number of articles is 1.69 and the variance is 3.71, a little more than twice the mean (see Table 6 ). The data are over-dispersed. Results are showed in Tables 7 and 8 . For both distributions we consider: log(β) = β 0 + 5 ∑ β i x i where x i are described in Table 6 . This dataset have also been analyzed by Long et al. (2001) and is available from the Stata website http://www. stata-press.com/data/lf2/couart2.dta. The mean number of articles is 1.69 and the variance is 3.71, a little more than twice the mean (see Table 6 ). The data are over-dispersed. Results are showed in Tables 7 and 8 . For both distributions we consider:
Aplications
β i x i where x i are described in Table 6 . It is observed from the results in Table 7 , that the DLIS distribution estimates are not very different from those obtained assuming the negative binomial model, and both sets would led to the same conclusions and looking at the standard errors, we see that both approaches to overdispersion lead to very similar estimated standard errors. However, the LDS estimates, except for the sign, are basically the same of the others models. Now, looking regression coefficients, we conclude that, in DLS distribution, β 2 , β 4 are not significant; in DLIS distribution, β 0 , β 2 , β 4 are not significant; and, in negative binomial distribution, β 0 , β 2 , β 4 are not significant (see confidence intervals in Table 7 ). Also, looking the AIC (Akaike, 1974) , AICc (Cavanaugh, 1997) and BIC (Bhat and Kumar, 2010) criterion introduced in Table 8 , they are, basically, the same, but the DLS model is better in terms of parsimony and goodness of fit. 
Application 3 (with covariates)
In this application, we considered the dataset analyzed by Deb and Trivedi (1997) and Liu and Cela (2008) Table 9 . Remark 1: In this application, we only used DLIS distribution since using DLS distribution we had computational instability for the parameter estimations. This dataset was originally obtained from National Medical Expenditure Survey (NMES) conducted in 1987 including 4406 respondents who were aged 66 or older and covered by Medicare program. The dataset description and summary statistics are given in Table 9 and we can show that the variance of hosp is about two times of the mean, implying the possibility of overdispersion.
Estimated coefficients of all models together with related statistics are listed in Tables 10 and 11. While Poisson regression provides a baseline model for count data, the other models demonstrate the better fit when compared to the basic Poisson regression model. The zero-inflated discrete Lindley model has the best fit when compared to the others models.
Looking at the standard errors of all models, we see that both approaches to overdispersion lead to very similar estimated standard errors and looking the AIC, AICc and BIC criterion, we conclude that the zero-inflated discrete Lindley model is the best fitted model in terms of goodness of fit. 
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Conclusion
In this paper, considering a discretization method based on an infinite series, we introduce an alternative discrete Lindley distribution. Some characteristics and properties of this distribution were presented and studied which it Remark 1: In this application, we only used DLIS distribution since using DLS distribution we had computational instability for the parameter estimations. This dataset was originally obtained from National Medical Expenditure Survey (NMES) conducted in 1987 including 4406 respondents who were aged 66 or older and covered by Medicare program. The dataset description and summary statistics are given in Table 9 and we can show that the variance of hosp is about two times of the mean, implying the possibility of overdispersion.
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In this paper, considering a discretization method based on an infinite series, we introduce an alternative discrete Lindley distribution. Some characteristics and properties of this distribution were presented and studied which it was found that it can be used in the analysis of data with overdispersion. Monte Carlo studies showed that the biases and mean squared errors of this distribution are asymptotically non-biased and has small values compared to discrete Lindley distribution obtained by survival function considered in Bakouch et al. (2014) and has great coverage probabilities ranging from 0.94 to 0.96 and the coverage length goes to zero when the sample size increases. In the considered applications, the DLIS distribution had a better or equivalent fit compared to other distributions considered in the applications leading to the conclusion that this distribution could be a good alternative for overdispersed count data in presence or not of covariates, especially, it is better than DLS distribution in computational aspects (simulation and estimation), equations and goodness-of-fit.
